Attitude synchronization is a key technology in the capture of tumbling satellites, and accurate estimation of the inertia ratio of tumbling satellites is an important function to synchronize the attitude of the chaser satellite with that of the tumbling satellite. This paper proposes a new control scheme, smooth reference model adaptive sliding mode control, or SRMASMC, for attitude tracking maneuvers. An adaptive law is introduced to accurately estimate the inertia ratio of the tumbling satellite, and a smooth reference model is employed to reduce the control torque at the beginning of the tracking maneuver. The attitude tracking performance of SRMASMC is evaluated numerically and compared with that of eigenaxis rotational maneuver control and sliding mode control. The results reveal that SRMASMC offers superior performance to these methods under the conditions examined.
Introduction
A satellite release/capture experiment was successfully completed by the National Space Development Agency of Japan (NASDA) for the Engineering Test Satellite 7 (ETS-VII) in 1999 and 2000. The experiment was carried out in order to verify the utility of elemental technologies for capturing a malfunctioning satellite using a space robot. The satellite captured in this experiment was a collaborative subsatellite, however, actual malfunctioning satellites will rarely be capable of collaborating with the space robot. Many researchers have investigated methods for capturing non-collaborative target satellites using a space robot, and methods in which the motion of the chaser satellite is synchronized with that of the target satellite form a prominent category among the proposed methods. Synchronization, by which the relative motion between the target and chaser is the objective control leading to easy to capture, is thought to have advantages over other methods. However, attitude tracking is difficult by conventional control methods based on linear theories because non-collaborative satellites may be tumbling with non-linear motion. Sliding mode control (SMC) (1) , a nonlinear control method, has recently attracted the attention of many researchers (2) - (9) as a robust method for synchronizing the attitude of the chaser satellite with that of the target satellite.
Among the various control schemes proposed, the following represent key advances in satellite capture technology. Lo et al. proposed smooth model reference sliding mode control (SMRSMC) as a control scheme with improved transient response for sliding mode control (7) . In that scheme, the smooth reference model tracked by the chaser satellite is formulated by a second-order equation that converges to the desired motion. Kobayashi applied SMC to compensate for residual manipulator-induced attitude motion that remains after feedforward control (8) . Terui proposed a SMC method for controlling the attitude and position of the chaser satellite in which the chaser satellite maneuvers around the tumbling satellite (9) . Nakasuka et al. (10) applied eigenaxis rotational maneuver control (ERMC) (11) to adjust the attitude motion of the chaser satellite to that of the tumbling satellite after adjusting the mass centers. These methods assume that the inertia ratio of the tumbling satellite is known in advance. It may in fact be possible to track the tumbling satellite by a simple SMC method because SMC is robust with respect to parameter uncertainties if the matching condition is satisfied. The ERMC method is expected to allow target satellite tracking if the gain coefficient is set appropriately. However, tracking by these control schemes is not precise if the control input is calculated based on an incorrectly estimated inertia ratio for the target satellite.
SMC generally requires a large control input at the beginning of the operation. This is an undesirable feature for application as an actuator on a chaser satellite because the magnitude of the actuator is limited. The smooth reference model proposed by Lo may be effective in solving this problem. However, in Lo's method, the attitude of the reference model is formulated simply by adding quaternion elements. This formulation has no physical meaning and the method may be exposed to the singularity problem if it is applied directly to tracking the attitude of the target. To avoid this situation, Lo et al. assumed that the attitude of the target rotates only in the range where singularity will never occur.
In this study, adaptive sliding mode control is investigated for attitude synchronization. SMC with an adaptive law is employed to estimate the inertia ratio of the tumbling satellite, improving the tracking performance of the chaser satellite by providing a correct estimate of the inertia ratio of the tumbling satellite. Moreover, a smooth reference model that does not give rise to singularities is introduced in order to reduce the magnitude of the control input at the beginning of the tracking maneuver. The method proposed in this paper is termed smooth reference model adaptive sliding mode control, or SRMASMC, and is a form of model-following adaptive control (MFAC). This paper focuses solely on attitude control of the chaser satellite, and does not consider position control such as fly-around motion control (9) , (12) , (13) . Numerical simulations for each stable rotational motion of the target satellite are conducted in the present study to confirm that the adaptive law provides an accurate estimation of the inertia ratio of the tumbling satellite, and reduction of the control input at the beginning of tracking is verified. SRMASMC is also compared with ERMC and SMC without reference model or adaptive law.
Sliding-Mode Control for Attitude Synchronization
In this section, a method for synchronizing attitudes by SMC as employed in Ref. (9) is presented. Note that the representation of equivalent control in the present study differs from that in Ref. (9) .
1 Dynamics and kinematics
The equations of motion and attitude kinematics for the target satellite without external or internal forces or torques are given by
Considering the moment torque vector for controlling the chaser satellite, the equations of motion and attitude kinematics for the chaser satellite are similarly given by
where the subscripts t and c denote the target and chaser satellites, and I, ω, q and u are the inertia tensor, angular velocity vector, quaternion, and control input. The elements of the quaternion q = [q 1 q 2 q 3 q 4 ] T used in the present study are defined as follows:
where λ 1 , λ 2 and λ 3 are the direction cosines of the Euler vector and β is the rotation angle about the Euler vector.
The following representation is used in this paper to denote the elements of the quaternion.
Ω(ω) in Eqs. (2) and (4) is described by the matrix
Using Eqs. (5), (6) and (7), Eqs. (3) and (4) can be rewritten as the following nonlinear equations.
where O denotes the zero matrix. The state vector of tracking errors between the attitude and angular velocity of the chaser satellite and that of the target satellite are defined as follows:
where Q(q t ) is a quaternion matrix represented by
and C c t is the direct cosine matrix between the target satellite and the chaser satellite and is obtained as
The direct cosine matrix can be represented using the quaternion as follows:
2 Design of sliding-mode controller
The design process for sliding mode control consists of three steps; choice of a sliding manifold, design of the control law, and minimization of chattering. The control law can be defined in any way as long as it is based on sliding mode control. In the present study, the control law applied in Ref. (9) is adopted.
( 1 ) Choice of sliding manifold Using the state vector of tracking errors defined by Eqs. (9) and (10), the sliding manifold is chosen as follows:
where
and U is the unit matrix.
If the state vector of tracking errors remains on the sliding manifold, the angular velocity errors can be described by
Differentiating the attitude errors between the chaser satellite and the target satellite, we obtaiṅ
Substituting Eq. (17) into Eq. (18), we havė
If the gain coefficient k a is set greater than zero and the state vector of tracking errors remains on the sliding manifold, the attitude errors q e then approach the following state asymptotically.
( 2 ) Design of control law There are many control methods based on sliding mode control. In the present study, a unit vector control method described by
is adopted, where u eq is the equivalent control input by which the state vector is kept on the sliding manifold, and Γ is the symmetric matrix. This input is obtained by solving the following equation.
By replacing q e in Eq. (18) with Eq. (9), we havė
Differentiating ω e in Eq. (10) with respect to time yieldsω (8), the equivalent control input is then obtained as follows:
whereẋ d is described bẏ
The candidate Lyapunov function
is chosen to prove that arbitrary states of tracking errors asymptotically reach the sliding manifold. By considering Eq. (21), the derivative of V with respect to time is obtained as follows:
If the gain coefficient Γ is chosen as:
thenV ≤ 0 is satisfied and the control law forces the state vector of tracking errors toward the sliding manifold asymptotically. For simplicity,
is chosen in the present study. ( 3 ) Minimizing chatter Chattering can be reduced by replacing the switching function with a smooth switching function. In this study, the following control law is adopted.
Smooth Reference Model Adaptive Sliding-Mode Control
As mentioned above, a large control input is required in conventional SMC at the beginning of the control operation. As the satellite actuator has limited magnitude, this tendency is undesirable. Here, a method for reducing the magnitude of the control input at the beginning of operation is considered, referring to the smooth reference model method proposed by Lo et al. The smooth reference model scheme requires the second derivative of the quaternion, and can be applied only to the case where the fourth element of the quaternion representing the attitude of the reference model does not become zero. The method proposed here also requires the second derivative of the quaternion, but effectively avoids the case where the fourth element of the quaternion becomes zero by employing an appropriate set of parameters.
The angular acceleration of the target satellite is a necessary parameter for calculating the equivalent control 22). The exact angular acceleration of the target satellite can be obtained only when the exact inertia ratios of the target satellite are known in advance. However, exact inertia ratios are generally difficult to determine in advance. Therefore, it is necessary to be able to use an estimated value for the inertia ratios of the target satellite. In the proposed method, the body-fixed frames of the target satellite are assumed to coincide with the principal frames of the target satellite, and an adaptive law is applied to estimate the inertia ratios.
Extending from the definition of the smooth reference model, sliding mode control with an adaptive law for estimating the inertia ratios of the target satellite is proposed as shown schematically in Fig. 1 . The proposal controls the attitude of the chaser satellite so as to converge with that of the target satellite.
1 Smooth reference model
Consider a quaternion governed by the following second differential equation.
This equation represents the difference between the attitude of the target satellite and that of the reference model for the chaser satellite. The fourth element of this quaternion is calculated by
The quaternion of the reference model is defined in terms of q ad by
If the parameters in Eq. (29) are chosen such that the first three elements of the quaternion q ad converge to zero, it can be confirmed that the fourth element of q ad converges to 1 and the quaternion of the reference model asymptotically converges to that of the target (q t ). The first and second derivatives of q ad are obtained as follows:
The initial value of q ad is given by the initial values of the attitude difference between the target satellite and the chaser satellite as follows:
and the initial value ofq ad is set as follows:
Note that the first three elements of the above quaternion are given by Eqs. (34) and (35), and the fourth element is calculated from Eqs. (30) and (32). The term ω e (0) is the initial angular velocity error between the target satellite and the chase satellite, and is given by Eq. (10) . If the parameters ζ and ω n are chosen appropriately such that the summation of the second power of the first three elements of the quaternion q ad governed by Eq. (29) never becomes 1 during the tracking maneuver, the fourth element of the quaternion represented by Eq. (30) does not become zero. Consequently, it is always possible to calculate Eqs. (32) and (33), and a singularity will never occur.
The first and second derivatives of the quaternion of the reference model are then represented bẏ
2 Model-following sliding-mode control
Equation (31) describes the reference model followed by the chaser satellite under the proposed SMC. A controller based on this control scheme can be designed by replacing the attitude of the target satellite (q t ) with that of the reference model (q com ) in the controller.
The errors in attitude and angular velocity between the reference model and the chaser satellite are then defined by
and the sliding manifold surface is chosen as follows:
Considering a control input consisting of an equivalent control input and a switching control input, i.e.,
the equivalent control input becomes
The command angular velocity and angular acceleration will be given by
where 
The switching control input is then chosen as follows:
3 Adaptive sliding-mode control
As can be seen in Eqs. (38) to (46), the angular acceleration of the tumbling satellite is required in order to calculate the equivalent control input for sliding mode control. The angular acceleration of the satellite can be obtained if the inertia ratio of the satellite is known. As it is generally difficult to precisely determine the inertia ratio of the target satellite in advance, an estimated value must be used. Assuming that the body-fixed frames of the target satellite coincide with the principal frames of the target satellite, an adaptive sliding mode control scheme is considered in which an adaptive law is employed to estimate the inertia ratio of the target satellite.
In general, it is necessary to obtain the coefficient oḟ σ with respect to each parameter in order to estimate the parameters using an adaptive law. In the proposed scheme, the inertia ratios of the target satellite are treated as parameters for estimation. Substituting the estimated angular acceleration with the real value in Eq. (43), and substituting Eqs. (41) to (46) into the derivative of Eq. (40) with respect to time gives the following.
whereω denotes the estimated value of angular acceleration. In this case, as it is assumed that the principal momentum axes of the target satellite are coincident with its body frames, the angular acceleration of the target can be represented aṡ
where k x , k y and k z are defined by
The error between the real inertia ratio and the estimated ratio is then given bỹ
Using the above definition, Eq. (48) can be rewritten aṡ
We then consider the candidate Lyapunov functions:
where F is a symmetric matrix. Differentiating V with respect to time giveṡ
Choosing a switching control input and adaptive law by
the derivative of the Lyapunov function with respect to time is obtained aṡ
and is guaranteed to be negative. Reaching the sliding manifold is then guaranteed. To avoid chattering, the following equation is adopted instead of Eq. (57).
By integrating the following equations based on the estimate law (Eq. (58)), the inertia ratios of the target satellite, k x ,k y andk z , are obtained.
are the initial estimated values of the inertia ratios of the target satellite.
Numerical Simulation

1 Simulation parameters
Euler rotational motions are classified into four types according to the inertia ratio and angular velocities assuming no internal or external forces or torques on the rigid body; (1) non-symmetric rotational motion, (2) non- Table 1 periodic rotational motion, (3) symmetric axis rotational motion, and (4) single-axis rotational motion (14) . Nonperiodic rotational motion asymptotically converges to single-axis rotational motion. Non-symmetric, symmetric and single-axis motions are treated as the motion of the target satellite in the present scheme. Here, adaptive sliding mode control, which synchronizes the attitude of the chaser satellite with that of the target satellite, is compared by numerical simulation with eigenaxis rotational maneuver control.
The parameters of the numerical simulations are listed in Table 1 . The initial angular velocities of the target satellite are chosen as 0.01 rad/s in each axis, taking into consideration the fact that satellite motions in orbit are usually slow. The performance of the proposed control scheme is assessed by setting the gain coefficients in the adaptive sliding mode control to the same values as those for the sliding mode control, and by setting the initial estimated inertia ratio of the target satellite at the same erroneous value for all cases. control by ERMC (10) , (11) , SMC (9) , and SRMASMC, respectively. In each figure, (a), (b) and (c) correspond to each of the cases listed in Table 1 . Although the attitude errors in SMC are smaller than in ERMC, attitude errors cannot be completely eliminated by either of these methods. In contrast, SRMASMC completely eliminates attitude errors.
2 Simulation results
The time response of the inertia ratio as estimated by the adaptive law is shown in Fig. 5 . The correct values of the inertia ratios are k x = 0, k y = 0, and k z = 0 for case (a), k x = −0.5, k y = 0.5, and k z = 0 for case (b), and k x = −1.0, k y = 1.0, k z = 1/3 for case (c). The estimated inertia ratios converge to the correct values in each case after about 500 s. From a comparison between Fig. 4 and Figs. 2 and  3 , and taking the convergence of the estimated inertia ratio into consideration, it can be concluded that the inclusion of the adaptive law improves the tracking performance of the proposed SRMASMC scheme significantly compared to SMC.
The mean square of β e , which corresponds to the attitude error between the target and the chaser satellite, was calculated for the period from 500 to 1 000 s in order to Table 2 Mean square of attitude error (β e ) from 500 to 1 000 s (rad) confirm numerically that the tracking maneuvering is improved by inclusion of the adaptive law ( Table 2) . The results clearly show that the performance of the proposed method in the tracking maneuver is superior to the other two methods. SMC generally performs better than ERMC even if the adaptive law is applied to ERMC because ERMC is not robust with respect to modeling error of the chaser satellite, whereas SMC is robust in this regard when the matching condition is satisfied.
The time responses of the control input torque for the ERMC, SMC and SRMASMC schemes are shown in Figs. 6 to 8. The control input torque is about 10 Nm in the case of ERMC and SMC, whereas the input torque for SRMASMC is considerably lower; about 2 Nm at the be- ginning of the tracking maneuver. Table 3 shows the ratio of attitude error decrease to the total control input torque during the first 500 s for these control methods. The attitude error is clearly more effectively reduced in the SRMASMC scheme, despite the lower control input torque at the beginning of the tracking maneuver.
The proposed method has therefore been verified to be effective and superior in performance to the two other major conventional schemes for satellite capture. A computer graphics illustration of the three-dimensional motion of the chaser satellite (case (c)) is shown in Fig. 9 as an overview of the proposed capture scheme. Fig. 9 Three-dimensional motion of the chaser satellite Table 3 Attitude error decreases by total amount of control input torques from 0 to 500 s (rad/Nms).
Concluding Remarks
Smooth reference model adaptive sliding mode control was proposed as a scheme for synchronizing the attitude of a chaser satellite with that of a target satellite. An adaptive law was employed to estimate the inertia ratio of the target satellite under the assumption that the principal axes of the target satellite coincide with the body fixed frames, and a smooth reference model was introduced to reduce the control input torques at the beginning of the maneuver. A numerical simulation of three types of rotational motion of the target satellite was conducted for the proposed and conventional control schemes, and the results reveal that the inertia ratios of the target satellite estimated by the adaptive law converge to the true values. The chaser satellite was demonstrated to precisely track the attitude of the target satellite under the proposed control scheme, in contrast to ERMC or SMC without the adaptive law, which are unable to track the attitude of the target satellite with high precision if the initial estimated inertia ratio is incorrect. The results also showed that the control input torque at the beginning of the maneuver are significantly lower in the proposed scheme than in the other two models examined, achieved through use of a smooth reference model that asymptotically converges the attitude of the chaser to that of the target.
For simplicity, we have assumed in this paper that the principal axes of the inertia of the target satellite coincide with its body coordinate system. We have focused only on the case where the center of mass of the chaser satellite has been adjusted to that of the target satellite. The principal axes of the inertia of a target, however, are not always coincident with its body frame. Adjusting the centers of the target and chaser satellites is not easy because the relative attitude motion of a chaser satellite is coupled with the relative position motion. It will be necessary to assess the performance of our adaptive method for such a case, and to take both position and attitude into account.
The position and attitude of a chaser satellite can be simultaneously controlled by a sliding mode control as shown in Ref. (9) . Even in a situation where position of the chaser satellite needs to be controlled according to the motion of a target satellite, it is expected that the adaptive law may improve the performance of the tracking maneuver. The control input may also be reduced at the early stages of the tracking maneuver by employing a smooth reference model. Although we have assumed in this study that the relative attitude rate of the target satellite was precisely measurable on the chaser, the relative attitude rate is generally determined by calculating a pseudodifferential of two measurements of the target attitude relative to the chaser. The attitude rate calculated from the pseudo-differential includes errors and delay, which may affect the performance of controllers. Thus, this study is required to test robustness of our method with respect to such errors and delay.
The H infinity sliding mode control will also be examined for application to the case where the structural flexibility of the chaser satellite must be considered to suppress vibration. We also intend to investigate a method of canceling the influence of manipulator motion in the capture of the target after attitude synchronization.
